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Abstract
An extended local Lorentz symmetry in four-dimensional (4D) theory is considered. A source
of this symmetry is a group of general linear transformations of four-component Majorana spinors
GL(4,M) which is isomorphic to GL(4, R) and is the covering of an extended Lorentz group in a 6D
Minkowski space M(3, 3) including superluminal and scaling transformations. Physical space-time
is assumed to be a 4D pseudo-Riemannian manifold. To connect the extended Lorentz symmetry in
the M(3, 3) space with the physical space-time, a fiber bundle over the 4D manifold is introduced
with M(3, 3) as a typical fiber. The action is constructed which is invariant with respect to both
general 4D coordinate and local GL(4,M) spinor transformations. The components of the metric
on the 6D fiber are expressed in terms of the 4D pseudo-Riemannian metric and two extra complex
fields: 4D vector and scalar ones. These extra fields describe in the general case massive particles
interacting with an extra U(1) gauge field and weakly interacting with ordinary particles, i.e.
possessing properties of invisible (dark) matter.
PACS numbers: 03.30.+p, 04.90.+e, 95.35.+d
∗E-mail address: tselyaev@nuclpc1.phys.spbu.ru
1
I. INTRODUCTION
Possible modification of the usual Lorentz symmetry (from the standpoint of its extension
or, on the contrary, breakdown) is of obvious interest since it underlies many modern physical
theories. Perhaps, one of the most intriguing questions is an extension of the Lorentz sym-
metry admitting superluminal transformations. These transformations can be introduced
immediately in a flat two-dimensional (2D) space-time (see [1]). In this case the generalized
Lorentz transformation between two frames with space-time coordinates x, t and x′, t′ has
the form (in units where c = 1):
x′ = (x− vt)/
√
|1− v2| , t′ = (t− vx)/
√
|1− v2| (1)
where v is the relative velocity of the frames. The absolute value of the quadratic form
t2−x2 is invariant under this transformation at any v2 6= 1 but its sign is changed at v2 > 1
(superluminal case). In the limit v2 → ∞ one obtains: x′ → ±t, t′ → ±x. However,
if one starts with the 4D Minkowski space M(3, 1), situation becomes more complicated.
Usually, in this case two ways are considered. In the first approach, imaginary quantities are
introduced in the 4D or 3D space-time in addition to or instead of the usual real coordinates
(see Refs. [2, 3, 4, 5, 6] and references therein for more details). In the second approach,
the 4D Minkowski space is replaced by the 6D one M(3, 3) by introducing two extra time-
like coordinates, but all the space-time coordinates remain real. In the M(3, 3) space, the
superluminal transformations are the combinations of the 6D rotations, reflections, and the
space-time permutation of the form
x1 ⇄ t1 , x2 ⇄ t2 , x3 ⇄ t3 . (2)
This approach was proposed in Refs. [3, 4], developed in Refs. [6, 7, 8, 9] (see also ref-
erences therein), and further elaborated and applied in Refs. [10, 11, 12]. However, both
these methods face a question how to reconcile additional coordinate variables (imaginary or
real ones) with the observed four-dimensionality of the physical space-time. Possible ways
to overcome this difficulty immediately within the framework of the above-mentioned ap-
proaches were discussed in the papers cited above (see also their discussion and criticism in
Refs. [13, 14, 15]). In the present paper, the following solution of this problem is proposed:
physical space-time is regarded as a 4D pseudo-Riemannian manifold which is a base of a
vector bundle with the M(3, 3) space as a typical fiber. The superluminal transformations
concern only the fiber of the frame bundle constructed from this vector bundle.
Another question arising in these approaches is how to introduce spinor fields in the theory
with an extended Lorentz symmetry. In Refs. [16, 17], a spinor representation of the extended
Lorentz group in the M(3, 3) space was introduced with the help of eight-component Dirac
spinors. Corresponding Dirac equations were considered and their properties and properties
of their solutions were analyzed. However, there remains a question of the interpretation of
additional spinor components in this representation. As a matter of fact, there is no need
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to complicate the situation. The problem is simplified if we choose as a starting point not
the properties of the space-time transformations but the properties of the spinors. More
specifically, we will consider a group of general linear transformations of four-component
Majorana spinors. This group is the covering of an extended Lorentz group in the M(3, 3)
space which includes superluminal and scaling transformations. Thus, the extension of the
usual Lorentz symmetry is introduced in a natural way. On the other hand, Majorana
spinors are very simple objects which can be used to construct usual four-component chiral
spinors without introducing any additional components.
In the present paper, the action which includes Majorana spinor fields and obeys the
extended symmetry conditions is considered. It will be shown that its spinor part reduces to
the spinor action of the standard 4D theory under certain gauge conditions. Nevertheless,
the action obtained in this approach contains additional bosonic fields which do not enter
the standard theory. These fields describe in the general case massive particles possessing,
under certain conditions, the properties of the invisible (dark) matter. Nowadays, there are
numerous arguments in favour of the existence of the dark matter (DM). At the same time,
its structure is unknown so far, though there are variety of models predicting its existence
and particle content. A review of the current status of the DM problem can be found, e.g., in
Refs. [18, 19]. Here we consider only the simplest possibility to apply the present approach
to this problem.
The paper is organized as follows. In Sec. II an outline of the extended Lorentz group in
the M(3, 3) space is given. The group of general linear transformations of four-component
Majorana spinors is described in Sec. III. In Sec. IV the connection between the extended
Lorentz symmetry and the physical space-time is considered. The vector bundle and the
frame bundle over the 4D manifold are introduced. In Sec. V the local gauge transformations
are considered and the spin connections are determined. The chiral spinor fields with the
extended symmetry are introduced in Sec. VI. In Sec. VII the spinor action is constructed
and the discrete symmetries are considered. The extra fields arising in the theory and their
interpretation as the dark matter candidates are discussed in Sec. VIII. A summary is given
in the last Section. Appendices contain notations, conventions, auxiliary formulas, and proof
of some equations used in the paper.
II. EXTENDED LORENTZ GROUP IN SIX-DIMENSIONAL SPACE
We start with a brief description of an extended Lorentz group EL(3, 3) which is defined
in this paper as a group of all linear transformations of the type V ′K = ΛKL V
L. In this
equation, V L is a vector in the 6D Minkowski space M(3, 3) with a metric η
KL
defined in
Eq. (A1) (here and in the following we use notations and conventions drawn in Appendix A)
and ΛKL is a real matrix satisfying condition
ΛK
′
K
η
K ′L′
ΛL
′
L
= κ η
KL
, κ 6= 0 . (3)
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In the case κ = ±1, these transformations were analyzed in Refs. [7, 8, 9]. Here we will
consider the general case κ 6= 0 and supplement the analysis of [7, 8, 9] with some details.
Let us represent the matrices ΛKK ′ and ηKL in the form
Λ =
(
Λss′ Λ
s
t′
Λts′ Λ
t
t′
)
, η =
(
−I3 0
0 I3
)
, (4)
where blocks Λss′, Λ
s
t′, Λ
t
s′, and Λ
t
t′ are 3× 3 matrices and I3 is the 3× 3 identity matrix. Let
us first consider two cases.
(i) Subluminal transformations without scaling: κ = +1. These transformations form
the group L(3, 3) = O(3, 3) for which Eq. (3) reduces to ΛTηΛ = η. (Here and throughout
the paper ΛT denotes a transposed matrix.) One can show (see Appendix B) that in this
case the following relations hold:
| det(Λss′)| = | det(Λtt′)| > 1 , (5)
det(Λ) = det(Λss′)/ det(Λ
t
t′) . (6)
Analogously to the case of the usual 4D Lorentz group, this means that the group L(3, 3)
consists of the following four components:
L↑+(3, 3) : det(Λ) = +1 , det(Λ
t
t′) > +1 ,
L↑−(3, 3) : det(Λ) = −1 , det(Λtt′) > +1 ,
L↓+(3, 3) : det(Λ) = +1 , det(Λ
t
t′) 6 −1 ,
L↓−(3, 3) : det(Λ) = −1 , det(Λtt′) 6 −1 ,


(7)
where L↑+(3, 3) is the proper orthochronous Lorentz group. Let us introduce two subgroups
of the group L(3, 3), namely: R
ST
= {I6, PT } and RS = {I6, P} where I6 is the 6 × 6
identity matrix, the matrix PT = −I6 represents space-time reflection, and P is a matrix
of the space reflection:
PK
L
= diag{−1,−1,−1,+1,+1,+1} . (8)
The space reflection does not commute with arbitrary transformation Λ ∈ L↑+(3, 3). But
P ΛP−1 ∈ L↑+(3, 3) if Λ ∈ L↑+(3, 3). From this it follows that the group L(3, 3) can be
represented as a semidirect product: L(3, 3) = L↑+(3, 3)⋊ (RS ×RST ).
(ii) Superluminal transformations without scaling: κ = −1. Let us introduce subgroup
P
ST
= {I6, I¯6} where I¯6 is a matrix of the space-time permutation:
I¯6 =


0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

 . (9)
We have: I¯ 26 = I6, I¯
T
6 η I¯6 = −η, therefore PST is a group and PST ⊂ EL(3, 3). Further,
if the equality Λ¯T η Λ¯ = −η holds for some real matrix Λ¯ and if Λ = I¯6 Λ¯ or Λ = Λ¯ I¯6 then
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we obtain: ΛT ηΛ = η. Consequently, any superluminal transformation without scaling can
be represented in the form: Λ¯ = I¯6 Λ or Λ¯ = Λ
′ I¯6 where Λ,Λ
′ ∈ L(3, 3). Notice that the
equality [ I¯6,Λ ] = 0 does not hold for an arbitrary Λ ∈ L(3, 3). However, I¯6 Λ I¯6−1 ∈ L(3, 3)
if Λ ∈ L(3, 3).
Let us return to the general case and introduce a group R+
6
of the scaling transformations
in the 6D space represented by all real matrices of the form eλI6, λ ∈ R1. Then from the
above analysis it follows that the extended Lorentz group can be represented as a semidirect
product of the groups L(3, 3) and P+
ST
= P
ST
× R+
6
, i.e. EL(3, 3) = L(3, 3)⋊ P+
ST
.
III. GROUP OF GENERAL LINEAR TRANSFORMATIONS OF FOUR-
COMPONENT MAJORANA SPINORS
We will see below, and this is of principle for the present approach, that the covering of the
extended proper orthochronous Lorentz group is a group of general linear transformations
of four-component Majorana spinors. These spinors are defined by the condition (see, e.g.,
[21]):
ϕ = iγ2ϕ∗ (10)
where ϕ∗ stands for the complex conjugate spinor. From Eq. (10) it follows that four-
component Majorana spinors have only two independent complex components. The group of
their general linear non-degenerated transformations [we will refer to this group asGL(4,M)]
is represented by the 4× 4 complex matrices S satisfying the following conditions:
γ2 S ∗ γ2 = −S , det(S) 6= 0 . (11)
Obviously, if S ∈ GL(4,M), ϕ satisfies Eq. (10), and ϕ′ = Sϕ then ϕ′ also satisfies Eq. (10).
The following two properties of the group GL(4,M) are important.
(i) SL(2, C) ⊂ GL(4,M). Thus, the covering of the usual 4D Lorentz group is contained
in GL(4,M).
(ii) Let us introduce the matrix
U =
1
2
√
2
[
(1− γ5)(1 + iγ2)− i(1 + γ5) γ4 (1− iγ2)] . (12)
It is not difficult to check that U †U = 1 and U∗γ2 = −i U where U † = (U∗)T . Using
these properties we obtain that if R = US U † where S ∈ GL(4,M) then R∗ = R
and det(R) 6= 0. The opposite is also true: if S = U †RU , R∗ = R, and det(R) 6= 0
then S ∈ GL(4,M). Consequently, GL(4,M) is isomorphic to GL(4, R). In addition,
det(S) is manifestly real for all S in GL(4,M).
Let us denote:
S¯ = γ4 S † γ4 (13)
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where S ∈ GL(4,M). The matrices S¯ and S¯−1 belong to the conjugate and conjugate-
contragredient (c.-c.) representations of GL(4,M), respectively. The Majorana spinors of
the c.-c. representation will be denoted by χ. Notice that if S ∈ SL(2, C) ⊂ GL(4,M) then
S¯−1 = S but in the general case S¯−1 6= S. Thus, we have the following four types of the
Majorana spinors: ϕ, ϕ¯ = ϕ†γ4, χ, and χ¯ = χ†γ4, which transform according to the four
different representations of the group GL(4,M), namely:
ϕ′ = S ϕ , ϕ¯′ = ϕ¯ S¯ , (14)
χ′ = S¯−1χ , χ¯′ = χ¯ S−1 . (15)
Consider the quantities ϕ¯
1
αKϕ
2
and χ¯
1
α˜
K
χ
2
where matrices αK and α˜
K
are determined
by Eqs. (C1) and (C2) (see Appendices A and C for the definitions and properties of these
and other matrices introduced in the paper). As follows from Eqs. (14) and (15), the
transformation laws of these quantities are determined by the matrix products S¯ αKS and
S−1α˜
K
S¯−1. In Appendix D it is proved that if S ∈ GL(4,M) then
S¯ αKS = ΛK
L
αL , (16)
S−1α˜
K
S¯−1 = Λ˜L
K
α˜
L
, (17)
where
ΛK
L
=
1
4
Tr
(
S¯ αKS α˜
L
)
= ΛK∗
L
, (18)
Λ˜L
K
=
1
4
Tr
(
S−1α˜
K
S¯−1αL
)
= Λ˜L ∗
K
. (19)
In Appendix D it is also proved that the matrices Λ and Λ˜ defined by Eqs. (18) and (19)
form a group, that Λ˜ = Λ−1, and that the following relations hold:
ΛK
′
K
η
K ′L′
ΛL
′
L
= det(S) η
KL
, (20)
Λ˜K
′
K
η
K ′L′
Λ˜L
′
L
= det(S−1) η
KL
. (21)
Eqs. (20) and (21) mean that the matrices Λ and Λ˜ belong to the group EL(3, 3) described
in Sec. II. Thus, one can conclude that the quantities ϕ¯
1
αKϕ
2
and χ¯
1
α˜
K
χ
2
transform
under spinor GL(4,M) transformations as a vector and a covector in the M(3, 3) space,
respectively.
Let us determine the relation between the groups GL(4,M) and EL(3, 3) more precisely.
The mapping GL(4,M) → EL(3, 3) is determined by Eqs. (18) or (19). Further, the
matrices S ∈ GL(4,M) with det(S) = +1 form a subgroup SL(4,M) which is isomorphic
to SL(4, R). Since the group SL(4, R) is connected and the mappings (18) and (19) are
continuous, the group SL(4,M) is mapped only to the one connected component of the
group EL(3, 3), namely onto the proper orthochronous Lorentz group L↑+(3, 3) (see the
remark at the end of Appendix D). As a result, by including space-time permutation and
scaling transformations (see Appendix D) we obtain that GL(4,M) is the covering of the
group L↑+(3, 3) ⋊ P
+
ST
which is a subgroup of EL(3, 3). The correspondence between the
total extended Lorentz group EL(3, 3) and the spinor transformations will be considered in
Sec. VII.
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IV. EXTENDED LORENTZ SYMMETRY AND THE PHYSICAL SPACE-TIME
Now our aim is to connect the extended Lorentz symmetry in the M(3, 3) space with the
physical space-time. We adopt the traditional model and regard the latter as a 4D pseudo-
Riemannian manifoldM4. The vectors and tensors on this manifold and its coordinates xµ
will be labelled by the Greek letters µ, ν, . . . ∈ {0, 1, 2, 3}. In particular, gµν = gµν(x) will
be the metric with −2 signature. To introduce the spinor fields with GL(4,M) symmetry
on M4, we first construct a vector bundle with M4 as a base and a 6D vector space F6
as a typical fiber (see, e.g., [22] for a review of the theory of fiber bundles and its physical
applications). The fiber is defined as a direct sum: F6 = T ∗x (M4)+R2 where T ∗x (M4) is the
cotangent space of M4 at a point x and R2 is the associated plane. We will suppose that
there exists a family of the preferred bases for F6 which is constructed in the following way.
The set of the exact one-forms eµ(x) = dxµ is taken as a basis for the subspace T ∗x (M4).
Further, it is supposed that in R2, a family of pairs of the linearly independent one-form
fields eu(x) and ev(x) is given. All the pairs in this family are related by the following SO(2)
transformation:
e
′u = cosϑeu − sin ϑev , e′v = sinϑeu + cosϑev (22)
where ϑ = ϑ(x). Thus, the family of the preferred bases for F6 is represented by the sets
consisting of the six fields eµ(x), eu(x), and ev(x), or, in shorthand notations, by the sets
{eF (x)}, F ∈ {0, 1, 2, 3, u, v}. It is supposed that the theory should be invariant under
general coordinate transformations x → x′(x) and the local SO(2) transformation (22) in
R
2.
Let G be the metric tensor on F6. In terms of the preferred basis {eF}, the metric G has
the components GFF
′
= G(eF , eF
′
). It is supposed that G has the signature of the metric
of the M(3, 3) space. So, we can always find an orthonormal basis in which the metric G is
proportional to ηKK
′
[see Eq. (23) below]. Therefore, the vector space F6 can be identified
withM(3, 3). However, in the general case, the matrix GFF
′
cannot be taken in the diagonal
or block-diagonal form because two one-forms eF and eF
′
entering the preferred basis are not
generally orthogonal with respect to G. In particular, the components G0u, G0v, and Guv
characterize deviation of the time gradient dx0 from the direction perpendicular to the plane
R
2. The connection of GFF
′
with the metric gµν on the base manifold will be determined
below.
An orthonormal basis {EK(x)} for the F6 fiber at a point x of the base can be constructed
with the help of a set {EK
F
(x)} consisting of the 36 real fields which constitute the 6×6 non-
singular matrix (local frame). By definition, we have: EK = EK
F
e
F . The fields EKu and E
K
v
are invariant under general coordinate transformations. The field EKµ determines a mapping
of the tangent space ofM4 intoM(3, 3). It is assumed that the local frame transforms under
spinor GL(4,M) gauge transformations as E ′K
F
= ΛK
L
EL
F
where the matrix ΛK
L
∈ EL(3, 3)
is determined by Eq. (18). The orthonormality condition for the basis {EK} reads
EK
F
GFF
′
EK
′
F ′
= σηKK
′
(23)
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where σ is a quantity transforming under GL(4,M) according to σ′ = det(S) σ. It is
introduced to ensure invariance of the metric GFF
′
under corresponding transformations of
the local frame. The form of σ is specified below in Eq. (25). Inverting Eq. (23), we obtain:
G
FF ′′
GF
′′F ′ = δF
′
F
, G
FF ′
= σ−1EK
F
ηKK ′E
K ′
F ′
. (24)
The set of all frames {EK
F
(x)} is the fiber at a point x of the frame bundle over M4
constructed from the given vector bundle. Thus, in this scheme the extended Lorentz sym-
metry including superluminal transformations concerns only the fiber of the frame bundle.
It is convenient to combine the two real fields EKu and E
K
v into the one complex field
WK = EKu + iE
K
v . Then the set {EKµ ,WK} will play the role of the local frame which is the
basic set of variables related to the space-time sector of the theory. Let us denote
σ =
1
2
W ∗
K
WK , τ = (2σ)−1W
K
WK (25)
(we remind that the 6D indices are lowered and raised by the constant matrices η
KL
and
ηKL). According to Eq. (20), the quantity σ in Eq. (25) transforms under the GL(4,M)
transformations as σ′ = det(S) σ, while τ is invariant. Notice that Eq. (25) for σ reduces
the number of the independent components of the metric GFF
′
from 21 to 20, since Eqs.
(24) and (25) lead to the following constraint: Guu +Gvv = 2.
Let us now define
eKµ = E
K
µ −
1
2
(
f ∗µz
K + fµz
K∗
)
, (26)
zK =
√
ξ − 1
2 ξ
(
ξ WK − hWK∗) (27)
where
fµ = σ
−1z
K
EKµ , h = τ/
√
1− τ ∗τ , ξ = 1 +
√
1 + h∗h . (28)
It is easy to verify that the 6D vectors eKµ and z
K satisfy the following conditions:
z
K
eKµ = 0 , zKz
K = 0 , z∗
K
zK = 2 σ . (29)
Eqs. (25)–(29) are valid at any values of the fields EKµ and W
K if σ 6= 0 and τ ∗τ < 1. In
this region, there is a one-to-one correspondence between the local frame {EKµ ,WK} and
the set of the fields {eKµ , zK , fµ, h, σ} constrained by the conditions (29). Owing to these
constraints, the number of the independent real variables in both sets is equal to 36. Thus,
the replacement of the frame {EKµ ,WK} by the set {eKµ , zK , fµ, h, σ} used in the following is
the simple change of variables. On the other hand, the set {eKµ , zK , fµ, h, σ} is constrained
in addition to Eqs. (29) only by the conditions σ 6= 0 and det(g
µν
) 6= 0 (see below). There
are no additional constraints on the fields fµ and h. This fact facilitates further analysis
and explains the choice of these variables.
Formally, we have: EK = EK
F
e
F = eK
F
e
′F where eKu = Re(z
K) and eKv = Im(z
K). Thus,
the set {eKµ , zK} is a new local frame which connects two bases {EK} and {e ′F}, and in
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which the real and the imaginary parts of the vector zK form the orthogonal subset. Notice,
however, that the basis {e ′F}, which is transformed into {EK} with the help of the frame
{eKµ , zK}, is not generally the preferred one. So, the fields fµ, h, and σ are necessary to
determine all the components of the metric G in terms of the preferred basis.
Let us define the relation between the metric g
µν
onM4 and the local frame by the ansatz
g
µν
= σ−1e
Kµ
eK
ν
. (30)
The matrix g
µν
is invertible if the matrix EK
F
is non-singular and σ 6= 0. The inverse matrix
gµν will be used to raise the 4D coordinate indices. Using Eqs. (24)–(30), one can show
after some algebra that the connection between g
µν
and the metric GFF
′
on the fiber is
determined by the natural relation Gµν = gµν . The other components of GFF
′
are expressed
in terms of the fields h and fµ. Invertibility of gµν in combination with Eqs. (29) and (30)
leads to the equality
σ−1eK
µ
eµ
L
+ (2σ)−1
(
zK∗z
L
+ zKz∗
L
)
= δK
L
(31)
which is the completeness relation for the set {eKµ , zK}. Notice that the fields h, fµ, and gµν
are invariant under the spinor GL(4,M) transformations and contain 20 independent real
components. Together with 16 parameters of the GL(4,M) group, this yields 36 degrees of
freedom that is equal to the number of components of the local frame {EK
F
}.
It is interesting to note that if we would define the metric on M4 as g˜µν = eKµeKν we
would arrive at the Weyl geometry (see, e.g., Refs. [23, 24] where the Weyl theory and its
modifications are described in detail). In the present case the Weyl gauge transformation
is generated by the scaling transformation of the GL(4,M) group. We will not use this
approach because it leads to the known difficulties. Only the metric (30), which is invariant
under the GL(4,M) transformations including scaling, enters the all subsequent formulas.
The set of the fields {eKµ , zK , fµ, h, σ} constrained by Eqs. (29) can be further reduced
to the following set: {eaµ, fµ, h, θˆ} where eaµ is the usual vierbein, a ∈ {1, 2, 3, 4} (see Ap-
pendix A), and θˆ is a set consisting of the 10 parameters of the 16-parameter gauge group
GL(4,M). The set {eaµ, fµ, h, θˆ} is determined in the following way. It is not difficult to
show that if the fields e′Kµ , z
′K , and σ′ satisfy Eqs. (29), they can always be represented in
the form
e′Kµ = Λ
K
L
(θˆ) eLµ , z
′K = ΛK
L
(θˆ) zL , σ′ = det(S(θˆ)) σ (32)
where
σ = 1 , za = 0 , z5 = 1 , z6 = i , e5µ = e
6
µ = 0 (33)
and the matrix ΛK
L
(θˆ) is determined by Eq. (18) with S = S(θˆ) ∈ GL(4,M). The 10-
parameter set θˆ is sufficient for this representation. We will assume that the gauge (33)
corresponds to zero values of the parameters θˆ. Thus, in the representation (32) and (33)
we again have 36 independent real components including the vierbein eaµ, the fields fµ and
h, and the set of the gauge parameters θˆ.
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V. SPINOR TRANSFORMATIONS AND LOCAL GAUGE SYMMETRY
Consider spinor transformations (14) and (15) in which the matrix S depends on the
point of the space-time manifold. Let Dµ = ∂µ + Ωµ be a covariant derivative of the spinor
field ϕ where Ωµ is the spin connection. From the condition D
′
µSϕ = SDµϕ we obtain the
following transformation law:
Ω′µ = S ΩµS
−1 − (∂µS)S−1 . (34)
Using the complete set {1, S
KL
} (see Appendix C) let us represent the spin connection in
the form
Ωµ =
i
2
ΩKLµ SKL + λµ (35)
where ΩKLµ and λµ are the gauge fields related to the matrix Ωµ by the formulas [see Eqs.
(C30) and (C32)]
ΩKLµ = −iTr (ΩµSKL) , λµ =
1
4
Tr (Ωµ) . (36)
Since both ϕ and Dµϕ should be Majorana spinors, the matrix Ωµ satisfies the condition [cf.
Eq. (11)] γ2 Ω∗µ γ
2 = −Ωµ. From this it follows that the fields ΩKLµ and λµ are real. Further,
from the definitions (18), (C5) and Eqs. (16), (17), (20), and (D4) it follows that
S−1SKLS = det(S−1) ΛK
K ′
ΛL
L′
SK
′L′ (37)
where matrices ΛK
K ′
are determined by Eq. (18). Using Eqs. (18)–(20), (C5), (C9), (C31),
and (D4) one can also obtain
Tr (S−1SKL∂µS) =
i
2
det(S−1)
(
ΛK
K ′
∂µ Λ
L
L′
− ΛL
L′
∂µ Λ
K
K ′
)
ηK
′L′ . (38)
In addition we have:
Tr (S−1∂µS) = det(S
−1) ∂µ det(S) . (39)
As a result, Eqs. (34)–(39) lead to the following formulas of the transformations of the gauge
fields ΩKLµ and λµ:
Ω′KLµ = det(S
−1)
[
ΛK
K ′
ΛL
L′
ΩK
′L′
µ −
1
2
(
ΛK
K ′
∂µ Λ
L
L′
− ΛL
L′
∂µ Λ
K
K ′
)
ηK
′L′
]
, (40)
λ′
µ
= λµ −
1
4
det(S−1) ∂µ det(S) . (41)
We do not regard these gauge fields as independent variables here. Instead, we express
them in terms of the local frame variables in analogy with the standard approach, which
uses the vierbein formalism. Let us introduce the field
ωKLµ =
1
2σ
( eK
ν;µ e
Lν − eL
ν;µ e
Kν)
− 1
4σ
( zK∗∂µz
L + zK∂µz
L∗ − zL∗∂µzK − zL∂µzK∗) (42)
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where eK
ν;µ
is the covariant derivative with respect to the conventional metric connection
Γλµν =
1
2
gλκ ( ∂µgκν + ∂νgµκ − ∂κgµν), i.e., eKν;µ = ∂µeKν − ΓλµνeKλ . We also put
λµ = −
1
4
σ−1∂µσ . (43)
Taking into account that the vectors of the local frame {eKµ , zK} and the quantity σ transform
under spinor GL(4,M) transformations as e′K
µ
= ΛK
L
eL
µ
, z′K = ΛK
L
zL, and σ′ = det(S) σ and
using Eq. (31), we obtain transformations laws (40) and (41) for the gauge fields determined
by Eqs. (42) and (43).
Consider the additional SO(2) symmetry determined by Eq. (22). Corresponding local
U(1) transformation of the fields WK and zK reads
W ′K = eiϑWK , z′K = eiϑzK . (44)
Let us define (x-dependent) matrix γ⊥ as
γ⊥ = i σ
−1zK∗zL S
KL
. (45)
Let Cµ be a gauge field and let Cµ is changed under the transformation (44) as
C ′µ = Cµ + ∂µϑ . (46)
Let us put
Ωµ = ωµ + λµ +
i
2
Cµγ⊥ (47)
where
ω
µ
=
i
2
ωKLµ SKL (48)
and the fields ωKLµ and λµ are determined by Eqs. (42) and (43). From the above derivation
it follows that the spin connection (47) is changed under the local GL(4,M) transformations
according to Eq. (34) and is invariant under the local U(1) symmetry (44).
Spin connection Ω˜µ for the spinor field χ of the c.-c. representation is determined from
the condition D˜′µS¯
−1χ = S¯−1D˜µχ [see Eq. (15)] where D˜µ = ∂µ + Ω˜µ. Analogously to the
previous case we obtain
Ω˜µ = ω˜µ − λµ −
i
2
Cµγ˜⊥ (49)
where
ω˜
µ
=
i
2
ωKLµ S˜KL , (50)
γ˜⊥ = −i σ−1zK∗zL S˜KL . (51)
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VI. CHIRAL SPINOR FIELDS
We now have at our disposal all necessary elements to construct the spinor action which
is invariant under both local GL(4,M) and general coordinate transformations. However,
there are still two little problems. First, if a spinor ϕ satisfies constraint (10) then iϕ does
not satisfy it, and consequently iϕ is not a Majorana spinor. In other words, we cannot
multiply the Majorana spinors by the arbitrary complex numbers without violating the
Majorana constraint. As a result, we cannot immediately introduce internal symmetries
of the Majorana spinor fields based, e.g., on the unitary groups. Second, to construct
a realistic theory one needs chiral spinor fields. In the standard approach their role is
played by the Weyl spinors. The four-component Weyl spinors have the same number of
the independent complex components, namely two, as the Majorana spinors, but they obey
different constraint which is not invariant under the GL(4,M) transformations (see, e.g., [25]
for the analysis of the questions related to the chirality and the properties of the different
types of the spinors).
These problems can be solved in the following way. First of all, notice that from the
definitions (45) and (51) and Eqs. (29) and (C13) it follows that
γ2⊥ = γ˜
2
⊥ = 1 . (52)
Therefore, the matrices
Π± =
1
2
(
1± γ⊥
)
, Π˜± =
1
2
(
1± γ˜⊥
)
(53)
are the projection operators. In the gauge (33), using definitions of Appendix C we obtain
γ⊥ = γ˜⊥ = γ
5 , (54)
Π− = Π˜− = PL , Π+ = Π˜+ = PR (55)
where P
L
and P
R
are the usual chiral projection operators.
Let us introduce generalized Weyl spinors ϕ± and the spinors of the c.-c. representation
χ± as follows:
ϕ± = Π±ϕ , χ± = Π˜±χ (56)
where ϕ and χ are the Majorana spinors. Obviously, they obey the following generalized
Weyl constraint:
γ⊥ϕ± = ±ϕ± , γ˜⊥χ± = ±χ± . (57)
In the gauge (33) ϕ− and χ− will be the left-handed spinors and ϕ+ and χ+ will be the
right-handed ones. So, in what follows we will also use notations: ϕ
L
= ϕ− and χR = χ+.
Thus, the spinors ϕ± and χ± play the role of the chiral spinor fields in the approach under
consideration. Notice that in order to introduce the chiral spinors within this approach it
is of principle to reduce the dimensionality of the physical space-time to four as compared
with the 6D fiber.
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The generalized Weyl spinors transform under the GL(4,M) transformations like the
Majorana spinors [see Eqs. (14) and (15)], i.e.
ϕ′± = Π
′
±ϕ
′ = S ϕ± , (58)
χ′± = Π˜
′
±χ
′ = S¯−1χ± (59)
where the matrices Π′
±
and Π˜′
±
are defined by Eqs. (45), (51), and (53) in which σ and zK
are replaced by σ′ = det(S) σ and z′K = ΛK
L
zL. This replacement yields
γ′⊥ = S γ⊥S
−1 , γ˜′⊥ = S¯
−1γ˜⊥S¯ . (60)
From Eqs. (58)–(60) it follows that the constraint (57) is invariant under the GL(4,M)
transformations.
Despite the fact that the spinors ϕ± and χ± transform like the Majorana spinors, they
do not satisfy the Majorana constraint (10). Instead, we have
ϕ± = iγ
2ϕ∗∓ , χ± = iγ
2χ∗∓ . (61)
An important property of the generalized Weyl spinors is that in contrast to the Majorana
spinors they admit multiplication by the complex numbers. Indeed, from Eqs. (52), (53),
and (56) it follows that
ϕ′± = e
±iθϕ± = Π±ϕ
′ (62)
where ϕ′ = S(θ)ϕ, S(θ) = exp(i θ γ⊥), and θ is real. Using the definition (45) one can check
that S(θ) ∈ GL(4,M). Then both ϕ and ϕ′ are the Majorana spinors, and consequently
both ϕ± and ϕ
′
±
in Eq. (62) are the generalized Weyl spinors. The same is true for the
spinors χ±. Taking into account this property, we will assume that the spinors ϕL = ϕ−
and χ
R
= χ+ transform under the phase transformation (44) as follows
ϕ′
L
= e i (q−
1
2
)ϑ ϕ
L
, χ′
R
= e i (q−
1
2
)ϑ χ
R
(63)
where q is a reduced gauge charge.
VII. CONSTRUCTION OF THE SPINOR ACTION AND THE DISCRETE
SYMMETRIES
Let us define the following x-dependent matrices:
β
µ
=
i
2
σ−2 eK
µ
zLzM∗ β
KLM
, β˜
µ
=
i
2
σ−1 eK
µ
zLzM∗ β˜
KLM
. (64)
These matrices are invariant under the simultaneous GL(4,M) transformations of the type
(16) and (17) and the EL(3, 3) transformations of the local frame. In the gauge (33) they
take the form
β
µ
= β˜
µ
= γ
µ
, γ
µ
= ea
µ
γ
a
. (65)
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Consider the spinor Lagrangian of the following form (in units where ~ = 1 and c = 1):
L
spin
=
i
2
(
ϕ¯
L
βµ∇
µ
ϕ
L
+ χ¯
R
β˜µ ∇˜
µ
χ
R
)−mχ¯
R
ϕ
L
+ H.c. (66)
where m is a mass parameter,
∇
µ
= ∂
µ
+ ω
µ
− i q C
µ
, ∇˜
µ
= ∂
µ
+ ω˜
µ
− i q C
µ
, (67)
and the spin connections ω
µ
and ω˜
µ
are defined by Eqs. (48) and (50). The spinor fields
ϕ
L
and χ
R
are supposed to be anticommuting. The covariant derivatives ∇µ and ∇˜µ differ
from the derivatives Dµ and D˜µ introduced in Sec. V first, by the absence of the gauge
field λµ disappearing due to the hermiticity of the Lagrangian Lspin. Second, in Eq. (67)
the properties (57) of the generalized Weyl spinors were taken into account and the charges
under the U(1) gauge field Cµ were changed in order to compensate additional contributions
arising from the phase transformations (63).
Corresponding spinor action reads
S
spin
=
∫
d4x
√−gL
spin
(68)
where g = det(g
µν
). By construction, this action is invariant under both general 4D coordi-
nate and local GL(4,M) spinor transformations. In addition it is invariant under the local
U(1) transformations defined by Eqs. (44) and (63). On the other hand, from Eq. (65) it
follows that in the gauge (33) and at q = 0, S
spin
reduces to the action of the standard 4D
theory for the massive neutral fermions without additional internal symmetries.
Consider the discrete symmetries of the Lagrangian (66). We will consider only the sym-
metries concerning transformations of the spinors and the vectors in the fiber of the bundle,
since the invariance of the theory with respect to the general coordinate transformations is
implied. Let us define the following simultaneous transformation of the Majorana spinors
ϕ
L
and χ
R
and the vectors of the local frame {EKµ ,WK}:
ϕ′
L
= iγ4χ
R
, χ′
R
= iγ4ϕ
L
, (69)
E ′K
µ
= σ−1PK
L
EL
µ
, W ′K = σ−1PK
L
WL (70)
where the matrix of the space reflection P and the quantity σ are defined by Eqs. (8) and
(25), respectively. The transformation (70) is a combination of the space reflection and the
non-linear conformal transformation E ′K
µ
= σ−1EK
µ
, W ′K = σ−1WK . So, in what follows it
will be referred to as PC transformation. The combination of the transformations (69) and
(70) will be referred to as P transformation. Using definitions (42), (48), (50), and (64)
and the properties (C28) and (C29) one can show that the matrices β
µ
, β˜
µ
, ω
µ
, and ω˜
µ
are
changed under the PC transformation as follows:
β ′
µ
= γ4 β˜
µ
γ4 , β˜ ′
µ
= γ4 β
µ
γ4 , (71)
ω′
µ
= γ4 ω˜
µ
γ4 , ω˜′
µ
= γ4 ω
µ
γ4 . (72)
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Since the fields ϕ
L
and χ
R
enter the Lagrangian (66) in a symmetric way, from Eqs. (71)
and (72) it follows that L
spin
is invariant under the P transformation. This invariance can
be broken if, for instance, the fields ϕ
L
and χ
R
possess different internal symmetries.
The PT transformation is defined as a combination of the spinor transformation
ϕ′
L
= iγ2ϕ∗
L
, χ′
R
= −iγ2χ∗
R
, (73)
the permutation of the spinor fields in each term of L
spin
, the space-time reflection in the
fiber
E ′K
µ
= −EK
µ
, W ′K = −WK , (74)
and the change of the sign of the field C
µ
. From Eqs. (C17), (C19), (C20), (C25), and (C26)
it follows that the spinor Lagrangian is invariant under the PT transformation defined in
this way.
The CPT transformation is a combination of the spinor transformation
ϕ′
L
= ϕ
L
, χ′
R
= −χ
R
, (75)
the permutation of the spinor fields in L
spin
, and the space-time reflection (74). Obviously,
the Lagrangian (66) is invariant under this transformation.
Finally, notice that, as shown in Sec. II, the group L(3, 3) can be constructed from
the proper orthochronous Lorentz group L↑+(3, 3) by adding the space and the space-time
reflections. Thus, we arrive at the result: the group GL(4,M) supplemented by the P and
the PT transformations is the covering of the total extended Lorentz group EL(3, 3).
VIII. EXTRA FIELDS AS THE DARK MATTER CANDIDATES
Consider now the actions for the other fields introduced in Sections IV and V. Let us
take them in the simplest form. In particular, for the gravitational action we adopt the
standard Einstein-Hilbert ansatz
Sg = −
1
16piGN
∫
d4x
√−g R (76)
where R is the Ricci scalar curvature of the space-time with metric g
µν
:
R = gµν
(
∂
λ
Γλ
µν
− ∂
ν
Γλ
µλ
+ Γκ
λκ
Γλ
µν
− Γλ
µκ
Γκ
λν
)
(77)
and GN is the Newtonian constant. There remain three extra fields: h, fµ, and Cµ. In
contrast to the Kaluza-Klein theories (see, e.g., [26]), these fields are not connected with the
metric g
µν
by any symmetry conditions. So, the Lagrangian for them can be constructed
independently.
Let us define the U(1) covariant derivative of the field h:
h|µ = ( ∂µ − 2iCµ) h (78)
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and the strength tensors of the fields fµ and Cµ:
f[µ|ν] = ( ∂ν − iCν) fµ − ( ∂µ − iCµ) fν , (79)
Cµν = ∂µCν − ∂νCµ . (80)
The simplest form of the action including extra fields is:
Sext =
∫
d4x
√−gLext (81)
where
Lext =
1
16piGN
[
α
h
(
h∗|µh
|µ−m2
h
h∗h
)−α
f
(
1
2
f ∗[µ|ν]f
[µ|ν]−m2
f
f ∗
µ
fµ
)]− 1
16piα
C
Cµν C
µν . (82)
In Eq. (82), α
h
, α
f
, and α
C
are the dimensionless constants and m
h
and m
f
are the mass
parameters. Lext is the standard Lagrangian describing two massive complex bosonic fields
(scalar and vector) and one massless field of the Maxwell type. However, there are no
apparent reasons to identify the field Cµ with the usual electromagnetic field or with the
U(1)Y gauge field of the Standard Model [27]. It is more natural to associate the extra fields
h, fµ, and Cµ with the fields of the invisible (dark) matter. Notice that these fields do not
correspond to tachyons in spite of the superluminal Lorentz symmetry of the theory.
Consider the interaction of the extra fields with the ordinary (visible) matter represented
here by the fermionic fields discussed above. This interaction is mediated by the local frame
{EKµ ,WK} and the U(1) gauge field Cµ. The fields h and fµ are expressed in terms of
the local frame via Eqs. (25), (27), and (28). On the other hand, the fermionic fields are
connected with the local frame by means of Eqs. (25)–(28), (30), (42), (45), (48), (50),
(51), (53), (56), (64), (66), and (67). But in the gauge (33) this connection reduces to
the dependence of L
spin
on the vierbein eaµ, while the fields h and fµ become independent
variables. Thus, in this gauge the fermions are connected with the fields h and fµ only via
the metric g
µν
(i.e., via gravity) and via the field Cµ. The U(1) charges of the fields h and fµ
are equal to 2 and 1, respectively, (in units of
√
α
C
) while the charge of the fermionic field
is equal to q. In principle, the value of q is arbitrary and it can be different for the different
kinds of the fermions. If the value of q
√
α
C
is small or equal to zero, the interaction between
the extra fields and the ordinary matter is weak. It allows us to consider the extra fields as
the dark matter candidates.
There are variety of models predicting the existence of the non-baryonic DM particles.
Among those one should mention the supersymmetric models and the models with universal
extra dimensions of the Kaluza-Klein type (see [18, 26, 28] for a review), axion models
[19, 29], and the model of the mirror matter [30, 31]. Perhaps there exist several kinds of
the fields corresponding to the DM particles. Notice that the possibility of the application
of the 6D relativity [6, 7, 8, 9] in the M(3, 3) space to the DM problem was discussed in
Ref. [32]. In the present paper the sameM(3, 3) space is introduced. However, in contrast to
Refs. [6, 7, 8, 9, 10, 11, 12], this space is related here to the fiber of the bundle but not to the
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physical space-time. In particular for this reason, the present treatment of the consequences
of the theory in terms of the DM hypothesis differs from the approach of Ref. [32].
Let us emphasize that the Lagrangians of the fermionic, gravitational, and extra fields
were taken here in the simplest form. In particular, the internal symmetries of the fermionic
fields were not taken into account and the possible couplings of the extra U(1) gauge field Cµ
to the gauge fields of these internal symmetries and to the Higgs bosons were not considered.
The couplings of this and other types were studied in the extensions of the Standard Model
which include an extra U(1) gauge boson (see [33, 34, 35, 36] and references therein). If these
couplings are introduced, the field Cµ can acquire a mass due to the spontaneous breaking
of the U(1) symmetry. In addition, in principle, it is possible to introduce direct couplings
of the extra fields h and fµ to each other and their Yukawa couplings to the fermionic fields
(of the ordinary or the dark matter) which have different charges q under the extra U(1)
symmetry (see, e.g., discussion of the similar couplings in Ref. [37] in the context of the
model of the scalar DM). However, the analysis of these questions is beyond the scope of
the present work.
IX. SUMMARY
A central question of the paper is how to include the extended superluminal Lorentz
symmetry in the four-dimensional (4D) theory. It is known that this symmetry can be
consistently introduced in the 6D Minkowski space M(3, 3). In this paper it is shown
that the problem of reconciling the 6D relativity with the 4D theory can be solved if it
is assumed that the extended Lorentz group acts only in the fiber of the bundle for which
the physical space-time serves as a base. The latter is regarded as a 4D pseudo-Riemannian
manifold. In this approach, a source of the extended Lorentz symmetry is a group of general
linear transformations of four-component Majorana spinors. The fiber bundle allows us
to construct the action including the spinor fields with the extended symmetry on the 4D
manifold. It is shown that the spinor part of the action reduces to the spinor action of the
standard 4D theory under a certain choice of the gauge.
The action obtained contains extra fields describing in the general case two massive
particles (4D vector and scalar ones) weakly interacting with ordinary particles. The third
extra U(1) gauge field is massless. There are no tachyons in the theory. If the charges of the
fermionic fields under the extra U(1) symmetry are equal to zero, the extra fields interact
with the ordinary matter only via gravity. It means that they can be considered as the dark
matter candidates.
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APPENDIX A: NOTATIONS AND CONVENTIONS
The following notations are used throughout the paper. Capital Latin letters K,L,M,N
represent indices of the flat M(3, 3) space (K ∈ {1, 2, 3, 4, 5, 6}) with metric
η
KL
= diag{−1,−1,−1,+1,+1,+1} . (A1)
All the 6D indices are lowered and raised by the matrix η
KL
and its inverse ηKL = η
KL
.
Small Latin letters a, b, c, d indicate indices of the flat 4D space (a ∈ {1, 2, 3, 4}) with metric
η′ab = diag{−1,−1,−1,+1} . (A2)
The following representation for the 4× 4 Dirac matrices is used:
γk =
(
0 −σk
σ
k 0
)
, γ4 =
(
0 1
1 0
)
, γ5 =
(
−1 0
0 1
)
, (A3)
where k = 1, 2, 3, and boldface characters denote 2×2 matrices including conventional Pauli
matrices σk:
σ
1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A4)
APPENDIX B: PROPERTIES OF THE DETERMINANTS OF THE O(p, q)
MATRICES
Let C be a real matrix of the matrix representation of the group O(p, q), i.e. the following
equality is fulfilled:
C Tη C = η (B1)
where
η =
(
−Ip 0
0 Iq
)
, (B2)
Ip and Iq are the p× p and q × q identity matrices. Let us write C in the block form as
C =
(
A b
a B
)
(B3)
where A, b, a, and B are the p × p, p × q, q × p, and q × q matrices, respectively. Eqs.
(B1)–(B3) lead to the equalities:
ATA = Ip + a
Ta , (B4)
BTB = Iq + b
T b , (B5)
aTB = AT b . (B6)
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The matrix aTa is real, symmetric, and non-negative-definite. Consequently, according to
Eq. (B4), all the eigenvalues of the matrix ATA are equal to or greater than unity. From
this we obtain that | det(A)| > 1. Analogously one can prove that | det(B)| > 1.
The following formula for the determinant of the matrix of the form (B3) is known (see,
e.g., [20]):
det(C) = det(A) det(B − aA−1b) . (B7)
Using Eq. (B6) we get BTaA−1b = bT b. From this and from Eq. (B5) it follows that
BT (B − aA−1b) = BTB − bT b = Iq. Therefore det(B − aA−1b) = 1/ det(B) and from
Eq. (B7) we find the final result: det(C) = det(A)/ det(B). Analogously one can obtain
that det(C) = det(B)/ det(A). Because | det(C)| = 1 we also get that | det(A)| = | det(B)|.
APPENDIX C: MATRICES OF THE SPINOR TRANSFORMATIONS AND
THEIR BASIC PROPERTIES
Let us introduce 4× 4 matrices αK and α˜K
αA = γ5 γA , α6 = i γ5 , (C1)
α˜A = γA γ5 , α˜6 = −i γ5 (C2)
where A ∈ {1, 2, 3, 4, 5} and the representation of the Dirac matrices given in Appendix A
is implied. Using the above formulas, let us define the following matrices:
βKLM =
i
2
(
δK
K ′
δM
M ′
− δK
M ′
δM
K ′
)
αK
′
α˜L αM
′
, (C3)
β˜KLM =
i
2
(
δK
K ′
δM
M ′
− δK
M ′
δM
K ′
)
α˜K
′
αL α˜M
′
, (C4)
SKL =
i
2
(
ηKL − α˜L αK) , (C5)
S˜KL =
i
2
(
αK α˜L − ηKL) . (C6)
From these definitions and the properties of the Dirac matrices it follows that:
(a) Matrices βKLM , β˜KLM , SKL, and S˜KL are totally antisymmetric in the 6D indices
K,L,M . The matrices βKLM (β˜KLM) have properties of the anti-self-dual (self-dual)
tensors in the 6D indices, i.e.:
βKLM = −1
6
εKLMK
′L′M ′β
K ′L′M ′
, (C7)
β˜KLM =
1
6
εKLMK
′L′M ′β˜
K ′L′M ′
(C8)
where εKLMK
′L′M ′ is the totally antisymmetric 6D tensor with ε123456 = −1. There
are only 10 independent matrices βKLM and 15 independent matrices SKL. The same
is true for the matrices β˜KLM and S˜KL. In the explicit form we have:
αa = −α˜a = γ5 γa , α5 = α˜5 = 1 , α6 = −α˜6 = i γ5 ,
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β a56 = β˜ a56 = γa , β ab5 = β˜ ab5 = iσab ,
β ab6 = −β˜ ab6 = i
2
εabcdσ
cd
, β abc = −β˜ abc = −εabcdγ
d
,
S ab = S˜ ab =
i
2
σab , S a5 = −S˜ a5 = − i
2
γ5γa ,
S a6 = S˜ a6 = −1
2
γa , S 56 = −S˜ 56 = −1
2
γ5
where σab = 1
2
[γa, γb] and εabcd is the totally antisymmetric 4D tensor with ε1234 = −1.
(b) Matrices {αK, βKLM}, {α˜K , β˜KLM}, {1, SKL}, and {1, S˜KL} form four complete sets.
This means that for any 4× 4 complex matrices A and B the following equalities are
fulfilled:
Tr(AαK) Tr(Bα˜
K
) + 1
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Tr(AβKLM) Tr(Bβ˜
KLM
) = 4Tr(AB) , (C9)
Tr(A) Tr(B) + 2Tr(ASKL) Tr(BS
KL
) = 4Tr(AB) , (C10)
Tr(A) Tr(B) + 2Tr(AS˜KL) Tr(BS˜
KL
) = 4Tr(AB) . (C11)
(c) Matrices SKL and S˜KL are the generators of the Lie algebra so(3, 3), i.e., we have:[
S KL, SK
′L′
]
= i
(
ηKL
′
S LK
′
+ η LK
′
SKL
′ − ηKK ′S LL′ − η LL′SKK ′) (C12)
and the same for the matrices S˜KL.
The last equation follows from the general formula for the product of the SKL matrices
S KLS K
′L′ =
1
4
(
ηKK
′
η LL
′ − ηKL′η LK ′)
+
i
2
(
ηKL
′
S LK
′
+ η LK
′
SKL
′ − ηKK ′S LL′ − η LL′S KK ′)
+
i
4
εKLK
′L′MNS
MN
(C13)
which can be obtained using the algebra of the Dirac matrices. The formula for the product
of the S˜KL matrices has the same form but with the opposite sign in front of the last term.
Two more important relations also follow from the algebra of the Dirac matrices, namely
αKSLM − S˜LMαK = i (ηKLαM − ηKMαL) , (C14)
α˜KS˜LM − SLM α˜K = i (ηKLα˜M − ηKMα˜L) . (C15)
Consider the symmetry properties of the α, β, and S matrices. Let us define for an
arbitrary 4× 4 matrix A the matrix A〈T 〉 as
A〈T 〉 = −γ4γ2ATγ2γ4 . (C16)
20
It is easy to check that the following relations are fulfilled:
(A〈T 〉)〈T 〉 = A , (AB)〈T 〉 = B〈T 〉A〈T 〉 , (C17)
(αK)〈T 〉 = αK , (α˜K)〈T 〉 = α˜K , (C18)
(βKLM)〈T 〉 = −βKLM , (β˜KLM)〈T 〉 = −β˜KLM , (C19)
(SKL)〈T 〉 = −S˜KL , (S˜KL)〈T 〉 = −SKL . (C20)
Complex conjugation leads to the equalities:
γ2 (αK)∗γ2 = −αK , γ2 (α˜K)∗γ2 = −α˜K , (C21)
γ2 (βKLM)∗γ2 = βKLM , γ2 (β˜KLM)∗γ2 = β˜KLM , (C22)
γ2 (SKL)∗γ2 = SKL , γ2 (S˜KL)∗γ2 = S˜KL . (C23)
From Eqs. (C16), (C18)–(C23) it follows that
γ4 (αK)†γ4 = αK , γ4 (α˜K)†γ4 = α˜K , (C24)
γ4 (βKLM)†γ4 = βKLM , γ4 (β˜KLM)†γ4 = β˜KLM , (C25)
γ4(SKL)†γ4 = S˜KL , γ4(S˜KL)†γ4 = SKL . (C26)
On the other hand, using Eqs. (C1)–(C6) one can show that the following equalities are
fulfilled:
γ4 αKγ4 = PK
K ′
α˜K
′
, γ4 α˜Kγ4 = PK
K ′
αK
′
, (C27)
γ4 βKLMγ4 = PK
K ′
PL
L′
PM
M ′
β˜K
′L′M ′ , γ4 β˜KLMγ4 = PK
K ′
PL
L′
PM
M ′
βK
′L′M ′ , (C28)
γ4 SKLγ4 = PK
K ′
PL
L′
S˜K
′L′ , γ4 S˜KLγ4 = PK
K ′
PL
L′
SK
′L′ (C29)
where the matrix of the space reflection P is defined by Eq. (8).
Finally, for the traces we have
Tr (SKL) = Tr (S˜KL) = 0 , (C30)
Tr (βKLMα˜N) = Tr (β˜KLMαN) = 0 , (C31)
Tr (SKLSMN) = Tr (S˜KLS˜MN) = ηKMηLN − ηKNηLM , (C32)
Tr (αKα˜L) = 4 ηKL . (C33)
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APPENDIX D: PROOF OF THE EQUATIONS CONNECTING GL(4,M) AND
EL(3, 3) GROUPS
Let us prove Eqs. (16) and (18). First of all, notice that in accordance with Eqs. (11),
(13), and (C16) we have S〈T 〉 = S¯ if S ∈ GL(4,M). Therefore [see Eqs. (C17) and (C18)]:
(S¯ αKS)〈T 〉 = S¯ αKS . (D1)
Expanding the matrix S¯ αKS in the complete set {αK, βKLM}, we obtain Eq. (16) because
the terms containing βKLM vanish due to the opposite signs in the symmetry relations
(C18), (C19), and (D1). Expression (18) for the matrix Λ follows from Eqs. (16) and (C33).
Finally, reality of Λ follows from Eqs. (11) and (C21). In the same way we obtain Eqs. (17)
and (19).
Consider the properties of the matrices Λ and Λ˜ defined by Eqs. (18) and (19). First of
all, the matrices Λ form a group. To see this, let us take the matrix Λ in form (18) and the
matrix Λ′ in the form:
Λ′K
L
=
1
4
Tr
(
S¯ ′ αKS ′ α˜
L
)
. (D2)
Using the completeness relation (C9), Eqs. (16), (18), (C31), and (D2) we obtain:
ΛK
L
Λ′L
M
= Λ′′K
M
=
1
4
Tr
(
S¯ ′′ αKS ′′ α˜
M
)
(D3)
where S ′′ = SS ′. Analogously, one can show that the matrices Λ˜ also form a group. In the
same way, but with the use of Eqs. (17), (19), and (C33) we get
ΛK
L
Λ˜L
M
= Λ˜K
L
ΛL
M
= δK
M
. (D4)
Thus, Λ˜ = Λ−1.
Let us prove Eq. (20). At first, consider the case det(S) = +1. It is known (see, e.g.,
[20]) that any real matrix R with det(R) = 1 can be represented in the form: R = O1DO2
where the matrices O1, D, and O2 are real, O1 and O2 are orthogonal, D is diagonal and
positive-definite, and det(O1) = det(O2) = det(D) = 1. Any real orthogonal matrix O with
det(O) = 1 can be represented in the form: O = eA where A = A∗ = −AT . From this it
follows that R can be represented in the form: R = eAeA
′
eA
′′
where the matrices A, A′, and
A′′ are real and traceless. Using this result and the isomorphism between GL(4,M) and
GL(4, R), we obtain that any matrix S ∈ SL(4,M) [i.e., any S ∈ GL(4,M) with det(S) = 1]
can be represented in the form
S = eΘ eΘ
′
eΘ
′′
(D5)
where
γ2Θ∗γ2 = −Θ , Tr(Θ) = 0 , (D6)
and the same conditions are fulfilled for Θ′ and Θ′′. Thus, by virtue of the group properties,
it is sufficient to prove Eq. (20) for S = eΘ.
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From the completeness of the set {1, SKL} and from Eqs. (C23) and (C30) it follows
that any 4× 4 complex matrix Θ satisfying conditions (D6) can be represented in the form
Θ = i θL
K
SK
L
(D7)
where SK
L
= SKL
′
η
L′L
and the matrix θL
K
is real and possesses the property
θL
K
= −ηLL′η
KK ′
θK
′
L′
. (D8)
In shorthand notation we have:
η θ η = −θ T . (D9)
Using Eqs. (C14), (D7), and (D8) we obtain the following equality:
αKeΘ = e−Θ¯ΛK
L
(θ)αL (D10)
where Θ¯ = γ4Θ†γ4, Λ(θ) = e 2θ. Eq. (D10) is a particular case of Eq. (16) for S = eΘ, so
Eq. (18) is also true. Further, with the help of Eq. (D9) we get: ηΛ(θ) η = ΛT (−θ). On
the other hand, it is obviously that Λ(−θ) = Λ−1(θ). Therefore, we have: ΛT (θ) ηΛ(θ) = η.
This proves Eq. (20) for the case det(S) = +1.
Let det(S) = −1. Any matrix S− ∈ GL(4,M) with det(S−) = −1 can be represented in
the form S− = S+SP where S+ ∈ GL(4,M), det(S+) = +1,
SP =
1
2
(1− i γ1 − γ2γ5 − γ3γ4) . (D11)
The matrix SP ∈ GL(4,M). It has det(SP ) = −1 and generates the space-time permutation.
Namely, substituting SP into Eq. (18) we obtain Λ = I¯6 with the matrix I¯6 defined in Eq. (9).
Since I¯ T6 η I¯6 = −η, the matrix Λ generated by S− also satisfies Eq. (20).
The extension of the proof of Eq. (20) to the general case is obvious because any matrix
S ∈ GL(4,M) can be represented in one of the two forms, namely: S = λS+ or S = λS−
where S± ∈ GL(4,M), det(S±) = ±1, λ is a real number. Eq. (21) is proved analogously.
The following remark is related to the property of the mapping SL(4,M) → L↑+(3, 3).
Consider matrices of the form: Λ+ = e
2θe 2θ
′
e 2θ
′′
where the 6 × 6 real matrices θ, θ′, and
θ′′ satisfy Eq. (D9). From the above derivation it follows that the matrices Λ+ form a
group LΛ+, and SL(4,M) is mapped onto LΛ+. Obviously, the group LΛ+ is connected and
LΛ+ ⊆ L↑+(3, 3). On the other hand, it is easy to see that ΛLΛ+Λ−1 ⊆ LΛ+ for all Λ in
L↑+(3, 3). Since the group L
↑
+(3, 3) is simple, we obtain that LΛ+ = L
↑
+(3, 3).
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